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ON THE REALIZATION OF SYMMETRIES IN QUANTUM MECHANICS
KAI JOHANNES KELLER, NIKOLAOS A. PAPADOPOULOS AND ANDRÉS F. REYES-LEGA
Abstrat. The aim of this paper is to give a simple, geometri proof of Wigner's theorem on the
realization of symmetries in quantum mehanis that laries its relation to projetive geometry.
Although several proofs exist already, it seems that the relevane of Wigner's theorem is not
fully appreiated in general. It is Wigner's theorem whih allows the use of linear realizations of
symmetries and therefore guarantees that, in the end, quantum theory stays a linear theory. In
the present paper, we take a stritly geometrial point of view in order to prove this theorem.
It beomes apparent that Wigner's theorem is nothing else but a orollary of the fundamental
theorem of projetive geometry. In this sense, the proof presented here is simple, transparent
and therefore aessible even to elementary treatments in quantum mehanis.
1. Introdution
There is no doubt that symmetries play a very important role in physis. For any given problem
the existene of symmetries is deisive and their realization is ruial when it omes to the solution
of the problem. How symmetries are realized depends of ourse on the theory under onsideration
and more preisely on the orresponding struture of its spae of states. It is well known that in
quantum mehanis symmetries are realized by speial linear or anti-linear operators. We expet
this sine the Hilbert spae is linear. In this onsideration, however, we overlook the fat that,
beause of the probability interpretation of the wave funtion, a state is not a single vetor but
a ray in Hilbert spae, i.e. a one-dimensional subspae. Consequently, the spae of quantum
mehanial states is not a linear but a projetive spae. Sine projetive spaes are not linear (and
hene the spae of states is not linear) the linear realization of symmetries annot be taken for
granted. On the ontrary we may doubt if suh a linear realization is possible at all. It is due
to the work of E. Wigner and his almost forgotten theorem on the realization of symmetries, a
theorem disregarded even by many otherwise exellent and generally aepted books and letures
on quantum mehanis, that we may nevertheless always use linear or anti-linear realizations in
quantum mehanis. It states that
Any symmetry transformation on the set of pure states of a quantum mehanial system is
represented up to a salar fator by either a unitary or an anti-unitary transformation on the
orresponding Hilbert spae.
By symmetry transformation we mean here a bijetive map, a ray transformation whih preserves
transition probabilities.
We intend to disuss this so often ignored theorem and to give an elementary and simple proof,
whih relies on its geometrial bakground. This bakground of ourse is dominated by projetive
geometry. Despite its non linear nature it is projetive geometry that gives a deeper justiation for
the usage of linear or anti-linear realizations in quantum mehanis and onsequently in quantum
eld theory. In the literature one an nd a variety of dierent proofs of Wigner's theorem:
[13, 6, 10, 5, 9, 2, 11, 3, 12, 4℄ and there are some that make a onnetion to projetive geometry:
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[10, 5, 9, 11℄. However, almost all of them make no diret use of it, and where they do the key
onept is overed by a omplex presentation or by a generalizing idea in one or the other diretion.
The aim of this paper is to give a simple geometri proof of Wigner's original theorem without any
generalization whatsoever, and as a onsequene to larify the key role projetive geometry has
when it omes to the representation of symmetries within quantum physis.
In this paper the proof of Wigner's theorem is a diret onsequene of projetive geometry:
Wigner's theorem is essentially a orollary of the fundamental theorem of projetive geometry. In
this sense, Wigner's theorem ould be treated in an elementary way in any quantum mehanis
textbook and subsequently in any leture.
In the following we will rst give a short review of the geometri proof of Wigner's theorem. The
proof ontains four steps. We rst show that a symmetry transformation fullls the premises of
the fundamental theorem of projetive geometry: any symmetry transformation is a ollineation,
i.e. it maps projetive lines to projetive lines. In the seond step we use the fundamental theo-
rem of projetive geometry in the form and proof given by E. Artin [1℄: any ollineation between
nite dimensional projetive spaes over an arbitrary eld K is a semi-projetivity. In this pa-
per we use only K ∈ {R,C}, denoting either the eld of real or the eld of omplex numbers.
By semi-projetivity we mean a bijetive map between projetive spaes whih is indued by a
bijetive linear or anti-linear map between the assoiated vetor spaes. Observe that the fun-
damental theorem of projetive geometry refers to (nite-dimensional) K-vetor spaes with no
further struture and not to Hilbert spaes so that we annot talk about unitarity here. In the
third step we take a Hilbert spae instead of a vetor spae and we onsider the orresponding
formulation as established in Artin's proof. In this way we an show that the linear operator is
a unitary and the anti-linear operator is an anti-unitary map. In the last step the extension to
innite dimensions is performed. One an imagine that the diulty is to prove the existene of a
ray onsistent semi-linear transformation, whih is done in Artin's proof in the seond step. What
the other steps are onerned with is quite easy to prove as soon as you have realized the existene
of the orresponding statements.
The remainder of this paper is organized as follows: in the subsequent setion (2) we disuss
the basi onepts of projetive geometry and introdue its fundamental theorem. We refer very
shortly to the rst proof given by F. Klein [8℄, who also used onepts found by A. F. Möbius, but
for our treatment we rely mainly on the work of E. Artin. We summarize briey the steps of his
proof sine we nd it useful for the understanding of the topi. We will argue how this is related to
Wigner's theorem in setion 3. In setion 4 we give our proof of Wigner's theorem, whih is, within
the framework of projetive geometry, simple and elementary. The key points are summarized and
a short onlusion is given in the last setion (5).
2. On the fundamental theorem of projetive geometry
Before we start with the disussion of Wigner's theorem and its geometri proof, we use this
preliminary setion to larify the notation used throughout the paper.
A ray A in projetive geometry is an orbit [a] of the group of units K× on a vetor spae V over
the eld K, i.e. A is a one-dimensional subspae of V (with the zero element removed). We write
[a] for the ray with representative a ∈ V . The set of all suh rays in V is alled projetive spae
PV . Its dimension as a manifold is
dimPV = dimV − 1 . (1)
Some of the properties of vetors in V are preserved as we go to the projetion PV . We all
a set {A1, . . . ,An} of two or more rays projetively independent, if and only if there is a linearly
independent set of vetors {a1, . . . , an} suh that ∀k ∈ {1, . . . , n} : ak ∈ Ak. Observe that two
rays are either projetively independent or equal. In a projetive spae PV of dimension n a set
B ≡ {B1, . . . ,Bn+2} ⊂ PV of n+2 rays is alled a projetive base of PV , if and only if any subset
of B ontaining n+ 1 rays is projetively independent.
Regarding two dierent rays A,B ∈ PV , there is a natural operation, the uniation, dened
by:
A ∨ B := {[a+ b] : a ∈ A, b ∈ B} . (2)
A∨B is the plane spanned by the projetively independent rays A and B. Sine dim (A ∨ B) = 1 it
is natural to refer to this uniation as the projetive line uniquely determined by the projetive
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points A and B. This gives rise to another notion used in projetive geometry: three or more
distint points A1, . . . ,An are alled ollinear if and only if they are on the same projetive line,
i.e. ∀k ∈ {1, . . . , n} : Ak ∈ A1 ∨ A2.
With the notions we introdued above, we are now able to dene the basi maps between
projetive spaes whih are the ollineation and the semi-projetivity. A ollineation f : PV → PW
is a bijetive map that preserves ollinearity, i.e. f maps any projetive line to a projetive line:
f (A ∨ B) = f (A) ∨ f (B) . (3)
A semi-projetivity g : PV → PW on the other hand is a bijetive map that is indued by a
semi-linear map G : V →W , i.e.
[Ga] = g ([a]) . (4)
Any map G that fullls equation (4) is alled ompatible with g. The prex semi stands for
up to a eld automorphism. Hene the semi-linear map G is linear up to a eld automorphism
σ : K→ K, i.e. ∀α, β ∈ K, ∀a, b ∈ V :
G (αa+ βb) = σ (α) Ga+ σ (β) Gb . (5)
Later it will beome apparent that the only eld automorphisms ouring in the ontext of Wigner's
theorem are either the identity or omplex onjugation. Hene, the map G is either linear or anti-
linear. Obviously, any semi-projetivity preserves ollinearity, i.e. is a ollineation. The reverse
statement is also true, but not trivial at all, it is the fundamental theorem of projetive geometry :
Let PV and PW be projetive spaes of same dimension n ≥ 2. Then any ollineation f : PV →
PW is a semi-projetivity, i.e. the following diagram ommutes:
V

F //____ W

PV
f // PW
where f is a ollineation and F is semi-linear.
There are essentially two ways to prove this theorem, the rst of whih was arried out by F. Klein
in 1925 [8℄. Klein expliitly shows the assertion for the real projetive plane but his onstrution
an be generalized to real projetive spaes of arbitrary (nite) dimension (for a more detailed
disussion onsult for example the orresponding setion (I.2) of referene [7℄). Out of a projetive
base and by using only the properties of the ollineation he onstruts a dense set of intersetion
points of projetive lines. Hene there is only one ontinuous ollineation that maps the projetive
base to the orresponding image base. But the base and its image also determine a projetivity,
and Klein onludes that the regarded ollineation is a projetivity by the fat that any projetivity
also is a ollineation.
The seond proof was introdued by E. Artin in 1957 [1℄ and is valid for projetive spaes of
(nite) dimension greater or equal two over an arbitrary eld. The intention is to show that for
every ollineation f : PV → PW there exists a semi-linear transformation F : V → W whih
is ompatible with f . This means that for a given basis {vk}k∈{0,...,n} of V there exists a basis
{wk}k∈{0,...,n} of W and a semi-linear transformation F suh that ∀k ∈ {0, . . . , n}: wk = F (vk).
Due to semi-linearity, a given eld automorphism σ : K → K, F then obviously fullls ∀λk ∈ K:
F (λ0v0 + · · ·+ λnvn) = σ (λ0) w0 + · · ·+ σ (λn) wn. Furthermore ompatibility requires:
f [λ0v0 + · · ·+ λnvn] = [σ (λ0) w0 + · · ·+ σ (λn) wn] . (6)
In other words, the image of a representative of a ray in V given by a linear ombination of the
basis vetors and expressed with the same (up to a eld automorphism) linear ombination of
the orresponding basis vetors in W , is a representative of the image ray, given above. Artin's
proof of this assertion is divided into several steps. As one expets, ollinearity is used in almost
all of them. Additionally, he uses indution with respet to the dimensional parameter n in order
to generalize his onstrution to spaes of arbitrary (nite) dimension. In what follows we review
shortly some of the steps sine we believe that this ontributes essentially to the understanding of
the topi.
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(1) Using indution with respet to the dimension allows to show that f onserves not only
projetive lines, but also projetive subspaes of arbitrary, nite dimension, ∀n ∈ N:
f (A0 ∨ A1 ∨ · · · ∨ An) = f (A0) ∨ f (A1) ∨ · · · ∨ f (An) . (7)
(2) For every basis {vk}k∈{0,...,n} in V there exists a basis {wk}k∈{0,...,n} in W suh that
∀k ∈ {0, . . . , n}:
f [vk] = [wk] and f [v0 + vk] = [w0 + wk] . (8)
(3) There exists a K-automorphism σ : K→ K, suh that ∀k ∈ {1, . . . , n}, λ ∈ K:
f [v0 + λvk] = [w0 + σ (λ)wk] . (9)
(4) Using again indution, one an show that:
f [v0 + λ1v1 + · · ·+ λnvn] = [w0 + σ (λ1) w1 + · · ·+ σ (λn) wn] . (10)
(5) This statement, by using the fat that σ is a eld automorphism, nally leads to
f [λ0v0 + λ1v1 + · · ·+ λnvn] = [σ (λ0) w0 + σ (λ1) w1 + · · ·+ σ (λn) wn] , (11)
whih ompletes Artin's proof of the fundamental theorem of projetive geometry.
Let us just make one small remark on the way the eld automorphism σ : K→ K that we have
not found in the proof by F. Klein enters in the third step of Artin's proof. To be a bit more
preise, Artin introdues maps
λ 7→ [v0 + λvk]
K → [v0] ∨ [vk]
whih are just one way to write the homeomorphisms between the projetive lines [v0]∨[vk] and the
one-point ompatiation K ∪ {∞} of the eld K. He gets seemingly dierent maps σk : K → K
by applying the following diagram
K ∪ {∞}
 _

σi //___ K ∪ {∞}
[v0] ∨ [vi]
  f // // [w0] ∨ [wi]
?
OOOO
But the maps σk an then be shown to be all the same, unique eld automorphism σ : K→ K.
3. Symmetries and Wigner's theorem
It is well known that the set of pure states of a quantum mehanial system may be desribed
by the set of one-dimensional subspaes of the orresponding Hilbert spae, i.e. the projetive
Hilbert spae.
If we dene the projetive spae for some Hilbert spae (H, 〈·|·〉), we nd an additional struture
on PH, stemming from the salar produt 〈·|·〉 : H ×H → C on H. A natural denition for this
struture is:
A⊙ B :=
|〈a|b〉|2
‖a‖
2
‖b‖
2
∀a ∈ A, b ∈ B . (12)
This is the transition probability between states A and B. Observe that if A ⊙ B = 0 any repre-
sentative of A is orthogonal to any representative of B. On the other hand, if A ⊙ B = 1 then, by
Shwarz's inequality A = B.
We dene the projetive Hilbert spae to be the pair (PH,⊙), where PH is the ordinary proje-
tive spae orresponding to the vetor spae struture and ⊙ : PH × PH → [0, 1] is the funtion
indued by the salar produt, dened as above.
A symmetry transformation is a map on the spae of states that preserves transition probabili-
ties. Hene, within our notation a symmetry transformation T is a bijetive map T : PH → PH′
suh that ∀A,B ∈ PH:
A⊙ B = TA⊙TB . (13)
Obviously, by this equationT preserves orthogonality, and this is why we may also all this property
of the symmetry transformation T quasi-unitarity.
With the help of these rened notions we an restate Wigner's theorem in a more mathematial
way.
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Let PV and PW be projetive spaes of same dimension n ≥ 2. Then any ollineation f : PV →
PW is a semi-projetivity, i.e. the following diagram ommutes:
V

F //____ W

PV
f // PW
where f is a ollineation and F is semi-linear.
Let T : PH → PH′ be a symmetry (i.e. quasi-unitary) transformation, then there exists a
ompatible semi-unitary transformation U : H → H′, i.e. ∀a ∈ H:
T [a] = [Ua]
and hene the following diagram ommutes :
H

U //____ H′

PH
T // PH′
What we enounter here is obviously a lifting problem. Observe the similarity to the fundamental
theorem of projetive geometry. It is exatly this similarity that we will use in order to formulate
a geometri proof of Wigner's theorem. Despite this observation, it is not a priori lear that this
apparent similarity indeed leads to a geometri proof of Wigner's theorem, whih, as we will see
in the following setion, it does.
We know that the set of pure states is divided into disjoint super seletion setors. Due to the
super seletion rules states of dierent super seletion setors annot be superposed. Nevertheless
a symmetry may be a map from one of these setors to another. In order to be able to formulate
and prove the theorem without further diulties, the regarded projetive Hilbert spaes should be
two (or even the same) super seletion setors, in whih the superposition priniple holds without
limitations.
4. Geometri proof of Wigner's theorem
The proof we present here onsists of four steps. In the rst step we will show that any quantum
symmetry transformation is also a projetive ollineation. This is the key that makes it possible to
apply the fundamental theorem of projetive geometry. In the seond step, using the fundamental
theorem of projetive geometry, we show that any symmetry transformation (whih is, as shown in
step 1 below, a ollineation) is indued by a semi-linear transformation. In step 3 we show that this
semi-linear transformation is atually semi-unitary. This ompletes our proof of Wigner's theorem
for nite dimensional Hilbert spaes. In the last step we extend this result to Hilbert spaes of
innite dimension.
Step 1.
Any symmetry (quasi-unitary) transformation is a ollineation.
We have to show that
T (A ∨ B) = TA ∨TB (14)
for any quasi-unitary transformation T. To prove this, we take a projetive line A ∨ B and hoose
the rays A and B to be orthogonal. Then there is an orthogonal base (OGB) {bk}k∈I of H, suh
that
[b1] = A and [b2] = B . (15)
In this base we an write any representative c of any ray C ∈ A ∨ B as
c = γ1b1 + γ2b2 . (16)
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Obviously A⊙ B = 0, and beause T is quasi-unitary we also have
TA⊙TB = 0 . (17)
Furthermore T maps the orthogonal rays {[bk]}k∈I onto orthogonal rays {[b
′
k]}k∈I . This is elemen-
tary sine for Bk = [bk] and B
′
k = [b
′
k] we have
B
′
k ⊙ B
′
l = TBk ⊙TBl = Bk ⊙ Bl = δkl . (18)
Sine T is bijetive, any set of representatives {b′k}k∈I of these orthogonal rays {B
′
k}k∈I is an
orthogonal base of H′. Hene we may write any representative c′ of TC ∈ T (A ∨ B) as
c′ =
∑
k∈I
γ′k b
′
k . (19)
But for the oeients γ′k we have
‖b′k‖
2
‖c′‖
2
|γ′k|
2
=
|〈b′k|c
′〉|2
‖b′k‖
2
‖c′‖
2
= T [bk]⊙T [c] = [bk]⊙ [c] =
|〈bk|c〉|
2
‖bk‖
2
‖c‖
2
=
‖bk‖
2
‖c‖
2
|γk|
2
, (20)
and hene γ′k = 0 ∀k ≥ 3. Equation (19) then redues to
c′ = γ′1 b
′
1 + γ
′
2 b
′
2 . (21)
This means that any representative of TC ∈ T (A ∨ B) is an element of the plane spanned by the
rays [b′1] = TA and [b
′
2] = TB, i.e. the projetive line TA ∨TB.
Hene it follows that
T (A ∨ B) ⊂ TA ∨TB . (22)
And again sine T is bijetive one easily veries that:
T (A ∨ B) = TA ∨TB . (23)
Thus any quasi-unitary transformation T is a ollineation.
Step 2. Sine we know thatT is a ollineation, we an apply the fundamental theorem of projetive
geometry (p. 5). It then follows that T is a semi-projetivity. This means that T is indued by
either a linear or an anti-linear transformation U between the C-vetor spaes H and H′, whih
onversely is ompatible with the ray transformation T:
Any symmetry (quasi-unitary) transformation T
is indued by a semi-linear transformation U :
H

semi-linear
U //____ H′

PH
T // PH′
Observe that in C there are only two eld automorphisms mapping the unit element to itself:
the identity and the omplex onjugation. Apparently, regarding equations (8) and (9), the eld
automorphism σ fullls σ(1) = 1. Hene U is either linear or anti-linear.
Step 3. Now, as impliitly in the rst step, too, we onsider H as a Hilbert spae. So in addition
we dispose of the standard Hermitian salar produt. The symmetry transformation T onserves
probabilities by assumption:
TA⊙TB = A⊙ B .
Then, by ompatibility, the semi-linear transformation U also respets transition probabilities.
Additionally it maps orthogonal vetors onto orthogonal vetors. This is enough to demand for U
mapping one ONB to another ONB. More expliitly, we have:
[b′1 + b
′
k]⊙ [b
′
1] = [b1 + bk]⊙ [b1] (24)
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From whih by
‖b1+bk‖
2‖b1‖
2
|〈b1+bk|b1〉|
2 =
(‖b1‖2+‖bk‖2)‖b1‖2
‖b1‖
4 = 1 +
‖bk‖
2
‖b1‖
2 it follows that
‖b′k‖
2
‖b′1‖
2
=
‖bk‖
2
‖b1‖
2
. (25)
Hene if we hoose {bk}k∈I to be an ONB of H, we an hoose ‖b
′
1‖ = 1 and obtain another ONB
{b′k}k∈I of H
′
. Then, sine any semi-linear transformation is semi-unitary, if it maps one ONB to
another, we onlude that the map U , dened by
Ubk := b
′
k ∀k ∈ I (26)
is semi-unitary. This ompletes our proof of Wigner's theorem for a nite dimensional Hilbert
spae.
We already know from Artin's proof that the image base {b′k}k∈I is determined up to one single
overall fator, so, sine we already asked for ‖b′1‖ to be one, there's one last degree of freedom left
in the hoie of the semi-unitary map U : the semi-unitary map U is determined up to a phase
fator.
We have shownWigner's theorem in a geometri way that emphasizes and laries the onnetion
to the fundamental theorem of projetive geometry at least for nite index sets I. Observe that
the fundamental theorem of projetive geometry is a theorem that deals with (nite dimensional)
K-vetor spaes. In order to obtain Wigner's theorem for an innite dimensional Hilbert spae,
questions of onvergene have to be examined. Notie however that steps 1 and 3 are valid also
for innite dimensions.
Step 4. Now H and H′ are innite dimensional spaes. In this ase we assume of ourse that
T is ontinuous. Taking the bases {bk}k∈I and {b
′
k}k∈I of step 3 as ountable bases for some
innite dimensional Hilbert spaes H and H′ respetively, we an dene a semi-unitary operator
U : H → H′ by:
Ubk := b
′
k ∀k ∈ I . (27)
Regardless of the fat that we already used the letter U to denote the semi-unitary, ompatible
map in the ase of nite dimensional Hilbert spaes, we use the same letter U to introdue a semi-
unitary map between Hilbert spaes of innite dimension. The goal of this last step is to show
that the operator U , dened by (27) is, even in the ase of innite dimensions, ompatible with
the quantum symmetry transformation T : PH → PH′, as the ommutative diagram indiates:
H

U //____ H′

PH
T // PH′
This means, we have to show that ∀αk ∈ C:
T
[
∞∑
k=1
αk bk
]
=
[
∞∑
k=1
σ (αk) Ubk
]
. (28)
In steps 1-3 we already have proven Wigner's theorem for nite dimensions, i.e. ∀n ∈ N:
T
[
n∑
k=1
αk bk
]
=
[
n∑
k=1
σ (αk) Ubk
]
. (29)
Sine the projetion pi : H ∋ x 7→ [x] ∈ PH is by denition ontinuous (with respet to the quotient
topology on PH) we have for all sequenes (xn)n∈N in H:[
lim
n→∞
xn
]
= lim
n→∞
[xn] , (30)
Hene, sine the quantum symmetry T is also a ontinuous transformation, we obtain diretly:
lim
n→∞
T
[
n∑
k=1
αk bk
]
= lim
n→∞
[
n∑
k=1
σ (αk) Ubk
]
T
[
lim
n→∞
n∑
k=1
αk bk
]
=
[
lim
n→∞
n∑
k=1
σ (αk) Ubk
]
, (31)
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whih is the assertion (28), now proven to be orret. This ompletes the proof of Wigner's theorem
also for innite dimensions. We see that our derivation is geometri, sine it results with the help
of some basi onsiderations diretly from the fundamental theorem of projetive geometry.
5. Conlusions
Wigner's theorem on the realization of symmetries in quantum mehanis is a result of fun-
damental importane in Physis. Although dierent proofs of this theorem are available in the
literature, to the best of our knowledge non of them emphasizes the lose relation that exists
between Wigner's theorem and the fundamental theorem of projetive geometry. In this paper,
we have adopted a stritly geometri point of view in order to prove Wigner's theorem. Using
the tools of projetive geometry, suitably adapted to the ase of innite dimensions, Wigner's
theorem beomes a orollary of the fundamental theorem of projetive geometry. In partiular,
we have proved that any symmetry transformation is a projetive ollineation and hene (by the
fundamental theorem of projetive geometry) must also be a semi-projetivity, i.e. it is indued
by a semi-linear (linear or anti-linear) map on the Hilbert spae. Using the fat that symmetry
transformations preserve, by denition, transition probabilities, we have also proved that this semi-
linear map is in fat either a unitary or an anti-unitary operator. As stated in the introdution,
there are some proofs that mention the relation to projetive geometry. But the lose onne-
tion to the fundamental theorem of projetive geometry is obsured by the parallel use of other
onepts. In referene [11℄, projetive geometry appears as a struture naturally ontained in a
system of propositions desribing a quantum system. In that ontext, symmetries are interpreted
as automorphisms of the proposition struture, and a link to Wigner's theorem an be obtained,
though not a diret one, in the sense that many other, rather diult, onepts are involved. A
similar remark applies to [5℄. In [9℄, the similarity between Wigner's theorem and Artin's proof
[1℄ of the fundamental theorem of projetive geometry is mentioned, but not fully exploited. In
ontrast, in our analysis we use the tools of projetive geometry throughout. This has enabled
us to obtain Wigner's theorem in a lear and onise way as a onsequene of the fundamental
theorem of projetive geometry.
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